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Abstract. Let Xo be a complete hyperbolic surface of infinite type that has 
a geodesic pants decomposition with cuff lengths bounded above. The length 
spectrum Teichmuller space Ti s (Xo) consists of homotopy classes of hyper- 
bolic metrics on Xo such that the ratios of the corresponding simple closed 
geodesic for the hyperbolic metric on Xo and for the other hyperbolic metric 
are bounded from the below away from and from the above away from oo (cf. 
[I]). This paper studies earthquakes in the length spectrum Teichmuller space 
Ti a (Xo). We find a necessary condition and several sufficient conditions on 
earthquake measure fi such that the corresponding earthquake E^ describes 
the hyperbolic metric on Xo which is in the length spectrum Teichmuller space. 
Moreover, we give examples of earthquake paths t >-¥ E tfi , for t > 0, such that 
E*f e T ls (X ) for < t < t Q , £'°M f T ls (X ) and E^ g T ls (X ) for t > t . 

1. Introduction 

The length spectrum Teichmuller space Ti s (X ) of a complete hyperbolic surface 
Xq of infinite type consists of all homotopy classes of marked complete hyperbolic 
surfaces whose length spectrum is comparable to the length spectrum of the base 
point Xo (cf. p] and $2]). A reasonable assumption on Xo (cf. pQ, [14]) is that 
there exists a geodesic pants decomposition V = {a n } and a constant Lo > such 
that 

la n {Xo) < Lq- 

Such a pants decomposition V is said to be upper bounded and from now on we 
assume that an upper bounded pants decomposition always exists. An assignment 
of the lengths and the twists to the cuffs of V parametrizes the length spectrum 
Teichmuller space Ti s (Xo) and the image of Ti s (Xo) m these Fenchel- Nielsen coor- 
dinates is completely described (cf. [1]). Moreover, the Fenchel-Nielsen coordinates 
give a locally biLipschitz homeomorphism between Ti s (Xo) and (cf. |13j). 

We study earthquakes in the length spectrum Teichmuller space Ti s (Xq). Un- 
like many other deformations of hyperbolic structures on surfaces, earthquakes are 
completely described in terms of the initial hyperbolic structure (cf. Thurston [15]). 
Thus one could say that earthquakes are natural in the context of the hyperbolic 
geometry. An earthquake is a deformation of a hyperbolic structure along the sup- 
port of the earthquake (a geodesic lamination on the initial surface) by the amount 
given by the earthquake measure (a transverse measure to the earthquake support). 
Any two hyperbolic structures on a fixed surface are said to be continuous if the 
lift to the universal coverings of the identity map extends to a continuous map of 
the boundary circles (cf. Thurston |15j). Thurston defined earthquakes and proved 
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that any two continuous hyperbolic structures are related by a unique earthquake 
(cf. [15]). The upper bounded geodesic pants decomposition guarantees that the 
hyperbolic metric on Xq and on the new marked hyperbolic surface are continuous 
and thus related by an earthquake. We study under which conditions on an earth- 
quake measure \i the image hyperbolic structure E^(Xq) (under the corresponding 
earthquake E^) is in the length spectrum Teichmuller space Ti s {Xq). 

Let : Xq — > X^ be an earthquake from the hyperbolic surface Xq (which 
has an upper bounded pants decomposition) onto another hyperbolic surface X 11 , 
where the measured geodesic lamination \i is the earthquake measure of E^ . Define 
the length spectrum norm of fi by 

ii ii viP) 

whs = sup , 

pes </3(Ao) 

where S is the set of all simple closed geodesies on Xq and /u(/3) is the total /z-mass 
deposited on f3 £ S. A necessary condition for E^ : Xq X^ to belong to the 
length spectrum Teichmuller space Ti B (X ) is that \\n\\i s < oo (cf. ££5j) . Such n is 
said to be length spectrum bounded. However, it turns out that this condition is not 
sufficient (cf. ®. In fact, an earthquake path t h-> (E tfl : X -> X^), for t > 0, 
can start in Ti s (Xq) leave Ti s (Xq) at some finite time to and return afterwards to 
Ti s (Xo). Moreover, there exist length spectrum bounded earthquake measures \i 
such that the earthquake path E 1 ^ leaves and returns to Ti s (Xq) infinitely many 
times (cf. 

The only reason that \\fi\\i s < oo is not a sufficient condition for an earthquake 
E 11 : Xq — s- X^ to belong to Ti s (X ) is that the lengths of simple closed curves 
might decrease too much under the earthquake thus making the ratio of lengths of 
the corresponding simple closed curves on X and X^ too small. We give sufficient 
conditions on /i in order to guarantee that E^ is in Ti s (Xq). 

Let a n be a cuff in the upper bounded geodesic pants decomposition of X and 
let , P% be the two pairs of pants in V with the common cuff a n . For a leaf g of 
the support of fi that intersects a n , denote by g CO mp a component of g n (P„ UP„). 
The winding number w an {g com p) of g CO mp around the curve a n is defined in SjUand 
can be essentially thought of as the amount of winding of g CO mp around a n . The 
quantity w an (g C omp) becomes crucial when the angle between a n and g is larger 
than ^. We have the following (cf. Theorem 14. 41 and §5$ 

Theorem 1. Let Xq be a complete hyperbolic surface which has a geodesic pants 
decomposition V = {a n } n <£N such that 

la n {Xo) < I/O 

for some fixed Lq > 0. Let fj, be a measured (geodesic) lamination on Xq such that 

IMIzs < oo. 

If there exist Cq > 1, C'q > C{Lq, ||/x||; s ) > 1 for the constant C{Lq, \\[i\\i s ) from 
Lemma \4-2\ and C\ > such that (for each cuff a n of V) fJ, satisfies one of the 
following: 

(1) n(a n ) > C l an {Xo) 

(2) fi{a n ) < ^rl an {X ) 

(3) the angle between a n and a leaf g of fi is less than or equal to ? 
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(4) fjrl an (Xo) < fx(a n ) < Col a „(Xo), the angle between a n and a leaf g of [i 
is greater than ^ and w an (g comp ) < Cij — 
then the earthquake 

E» : X X^ L 
belongs to the length spectrum Teichmiiller space Ti s (Xq). 

The above theorem facilitates finding sufficient conditions on \i such that the 
whole earthquake path 1 1— > E ttM , for t > 0, stays in the length spectrum Teichmiiller 
space T U (X ). We have (cf. Theorems O and 

Theorem 2. Let Xq be a complete hyperbolic surface with an upper bounded geo- 
desic pants decomposition V = {a n } and let \i be a measured geodesic lamination 
on Xq with 

\\fJ,\\ls < oo. 

Then E^(X ) = X^ £ T ls (X ) for all t > if there exists C > such that for 
each a n one of the following holds: 

(1) the angle between a n and a leaf of (i is less than ^, 

(2) the angle between a n and a leaf of fi is greater than ^, and w an (g comp ) < 

In addition, E tfl (X ) = X t(i G T ls {X Q ) for all t > ifV can be partitioned into V 
and V" such that each a n G V satisfies either (1) or (2) for a fixed C > 0, and 
that for a n G V" 

l an (X )^0 

and 







2. The Fenchel-Nielsen coordinates 

Let Xq be a complete hyperbolic surface without boundary of infinite type. 
Assume that there exists Lq > and a geodesic pants decomposition V = {a n } of 
Xq such that for each a n G V 

la n {Xo) < Lq, 

where l an (X ) is the length of the geodesic representative of the curve a n in the 
hyperbolic metric on X . 

Consider the set of all homeomorphisms 

h : X Q -> X 

such that there exists L > with 

1 < hix) 

L ~ I p {Xq) ~ 

for all simple closed geodesies [3 G S, where lp{X) is the length of the geodesic 
representative of h{0) on X. The length spectrum Teichmiiller space Ti s {Xq) of the 
surface Xq consists of all equivalence classes of the above homeomorphisms, where 
(h,X) is equivalent to (h',X') if there exists an isomctry / : X — > X' such that 
o I o h : Xq — > Xq is homotopic to the identity with a bounded homotopy 
(cf. P). 
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The Fenchel-Nielsen coordinates on infinite type surfaces are denned in the same 
fashion as on the finite type surfaces (cf. [1]). We recall a characterization of 
the length spectrum Teichmiiller space T/ s (Xo) in terms of the Fenchel-Nielsen 
coordinates (cf. [TJ, |13j): 

Theorem 2.1. Let Xq be an infinite type complete hyperbolic surface equipped with 
an upper bounded geodesic pants decomposition V = {a n }ngM- The normalized 
Fenchel-Nielsen coordinates 

l an (X) t an (X)-t an (X ) 



(1) F(X) = {(log- 



la n (X )' max{l, \logl an (X Q )\}J JneN 

associated to each X € Ti s (Xq) induce a locally biLipschitz surjective homeomor- 
phism 

F : T 1s {Xq) -> l°°. 

3. The length spectrum bound on earthquake measures 

Let Xo be a complete hyperbolic surface (without boundary) that has upper 
bounded geodesic pants decomposition V = {a„}. Let \x be a measured lamination 
on X . Recall a definition of Thurston [T5] . 

Definition 3.1. A measured lamination /i on Xq is Thurston bounded is 

\\fJ,\\Th ■= sup/z(J) < oo 
i 

where the suprcmum is over all geodesic arcs / on Xo of length 1 . 

We introduce a new notion of boundedness of measured laminations which is 
better suited for the length spectrum Teichmiiller spaces. 

Definition 3.2. A measured lamination (i is length spectrum bounded if 

ii ii KP) 

\W\ls ~ SU P , / y s < 00 

p l0{Xo) 

where the suprcmum is over all simple closed geodesies (3 on Xo. 

Consider a marking homcomorphism h : Xq — > X for any X £ T; s (Xo). Then 
h induces a homeomorphism h of the boundaries of the universal coverings of Xo 
and X. Note that Xo is complete by the assumption. The surface X has an upper 
bounded geodesic pants decomposition because X € T; S (X ) which implies that X 
is a complete hyperbolic surface. Since Xo and X are complete hyperbolic surfaces 
without the boundary the set of fixed points of the covering groups Go and G are 
dense in the unit circle S 1 . The map h is first defined as a one to one correspondence 
between the fixed points of elements of Go and the fixed points of elements of G 
which preserves the order on S 1 . Therefore h extends to a homeomorphism of 5* 1 
which conjugates the action of Go onto the action of G. 

Thurston [TS] proved that each homeomorphism of the circle is realized as the 
continuous extension of an earthquake of the hyperbolic plane H 2 . Moreover if the 
homeomorphism of the circle is induced from a homcomorphism of Xo to X then 
the earthquake descends onto the surface Xo, namely the earthquake measure is 
invariant under the covering group of Xo [15] . An earthquake measure is a measured 
lamination fi, and the earthquake : Xo — > X is a piecewise isometry on each 
stratum of \i (cf. [To*]). 
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Note that t[i for t > is also a measured lamination on Xq which is simply 
obtained by scaling fi by a factor t. However, E 1 ^ is in general not an earthquake 
map even for < t < 1 [5]. In fact, a map E tfJ - : Xq — > E tf± (X ) can be defined to 
be piecewise isometry on the strata of t/j, and it turns out that its image E t ^{Xo) 
does not have to be a complete surface. In this case, the lift of E tli to the universal 
coverings does not extend to a homcomorphism of the boundary circles. 

When [i is Thurston bounded then the map E 1 * : Xq — >• E^(Xq) is surjective and 
the image E^(Xq) = X^ is a complete hyperbolic surface that is quasiconformally 
equivalent to X (cf. [15], [5], [7], [H]). Since \\tfj,\\ T h = t\\^\Wh < oo if \\fi\\Th < oo, 
it follows that the earthquake path E*^ : Xo — > X M is well-defined for all £ > 0. 
Thus in T gc (Xo) every point is connected by an earthquake path to the base point 
Xo and the topology of T qc (Xo) can be recovered from the uniform weak* topology 
on the space of earthquake measures on Xo [TT| . We consider the question whether 
in Ti s (Xo) every point is connected to the base point by an earthquake path. 

4. A LOWER BOUND ON THE LENGTHS OF THE CUFFS 

In this section wc estimate the ratio l an (Xo)/l an (X^). To achieve this, we prove 
a few preparatory lemmas. Let Lq > be such that 

la n (Xo) < Lq. 

Let C > such that \\fi\\i s < C. Then 

H{a n ) < Cl an (X ) 

by the definition of the length spectrum norm on the measured laminations. 

Let P\ and P2 be two geodesic pairs of pants with cuff lengths bounded by Lq > 
that are glued along a common cuff a. Let g be either a simple closed geodesic in 
Pi U P2 or a simple geodesic arc in P\ U P2 which is joining two boundary cuffs of 
P\ U-P2 and transversely intersecting a. We define the winding number w a {g) of the 
arc g around the curve a as follows. Let 7j, for i = 1,2, denote the unique simple 
geodesic arc in Pj which is orthogonal to a at both of its endpoints. Divide each 
Pi into two right angled hexagons for j = 1,2 by cutting along three geodesic 
arcs orthogonal to pairs of cuffs of p . Let 

il ■= 1* n n 

for i, j = 1,2. Note that the length of is half the length of 7$. 

Let g s , for s = 1,2, ... ,k, be the components of the intersections g fl Pi for 
f = 1,2. If the angle from a n to g s is greater than 5, we define the winding number 
w a {g) by 

«>o(f) = ^ max , ,#(gs,lf) 

l<s</c; z,j — l,2 

where #(<? s ,7i) is the number of intersections of <? s and = 7* n E^. Note that 
i»a(ff) ~ #(.9*, 7- ) < 2 for all s = 1, 2, ... , k. 

In order to use the winding number, we need the following lemma. 

Lemma 4.1. Consider the universal covering ir : H 2 — > Xq such that one lift a n 
is the positive y-axis. Let g be a lift to Ef 2 of a leaf g of the measured lamination 
fi that intersects the positive y-axis between i and e lan ^ x °\. Denote by k\ < and 
&2 > the endpoints of g. Then 

1 < -kik 2 < e 2Lo . 



(i 
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If the angle between a n and g C omp is greater than ? , then 
-ki > C{L Q )er l ^ {x ^ w ^ {9 ^\ 

where g com p is a component of g(~] (Pi U Pi) and Pi, Pi are two pairs of pants in V 
with a common cuff a n . 

Proof. Since iy with 1 < y < e /a «( x °' < e L ° belongs to the geodesic with endpoints 
ki < and fc 2 > 0, we have 

. . k 2 + ki ki - k\ 

\iy = . 

1 y 2 2 

This gives the first inequality in the above lemma. 

Let d > be the length of the orthogonal to a n and the side of the hexagon 
Y>1 opposite a n , for fixed Let ip > be such that the distance d between the 
positive y-axis and the Euclidean half-line through the origin which subtends the 
angle tp with the x-axis satisfies 

1 



coshd 

Let r > be such that the geodesic with endpoints — k\e~ r and k 2 e~ r goes through 
the point e %(p of the unit circle centered at 0. It follows that 



because j — jx^j is the number of translates of g (under the covering transformation 
corresponding to a n ) between g and the geodesic with endpoints — k\e~ T and kie~ r , 
each translate intersects the lift of jf (adjacent to the y-axis) exactly once, and these 
translates glued together form a single component covering g CO mp in Pi- 
Using Euclidean geometry, we have 

I iip _ fcl + ki _ r 2 _ , ki — k\ 2 _2r 

\e 2 6 1 ~ [ 2 > 6 

which implies 

ki < C'(L )e r < C"{L Q )e l - {Xo]{w ^ 9 ^ )+2) . 
Then the first inequality in the theorem implies the second inequality. □ 



Let fi be the lift of \x to the universal covering H 2 and let : H 2 — > H 2 be 
the corresponding earthquake. Let O be the stratum of fi that contains e la, ^ x °>i 
and normalize the earthquake such that E^lo = id. Let 0\ be the stratum of fi 
which contains i that is the image of O under the covering map B £ PSL 2 (R) of 
the geodesic a n . Note that B(z) = e~ la ^ Xo > z. Let be the covering map for a n 
on the surface E tJ- (X ) = X^. Then by [5] we have 

B* 1 = E^\ 0l oB. 

Since E* 1 is a left earthquake, it follows that E^\o 1 is a hyperbolic translation 
with the axis separating O from 0\. Let k\ < and ki > be the repelling and 
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the attracting fixed points of E^\o x and let m > be its translation length. Then 
we have 

/D 5> e m k 2 -k 1 _i k 2 -e m k 1 i 
trace{B fl ) = —- —e * H j—- — 

(2) e m / 2 {k 2 -ki) e™/ 2 (fc 2 -fc 1 ) 

m — l 2ki m + 1 m — l, 

= 2 cosh — — cosh — cosh — - — 

2 k 2 — k\ 2 2 

where for short / = l an (Xo). The above equation gives the inequality 

(3) traced) > 2 —ml. 

k 2 — ki 

We relate the translation length m to the earthquake measure fi(a n ) using the 
following lemma. 

Lemma 4.2. Let d > be the length of a geodesic arc I in H 2 that transversely 
intersects a geodesic lamination fi. Denote by the left earthquake of H 2 which 
is normalized to be the identity on stratum O of /x that contains an endpoint of I 
and denote by 0\ another stratum of /i that contains the other endpoint of I. Then 
there exists C(d,ii(I)) > 1 such that 

n(T)<m<C(d,n(I))ii(T), 

where m is the translation length of E^\o t - 

Proof. Let S and T be two hyperbolic translations whose axes are disjoint and both 
intersect a closed arc of length d. Denote by t(S) the translation length of 5*. Then 
(cf. [IS], 0) 

t(S) + t{T) < t(S oT)< t(S) + t{T) + C'(d) min{r(5), r(T)}d 2 

for some constant C'(d) > 0. 

Assume that only finitely many leaves {gi, . . . , g n } of [i intersect the geodesic 
arc /. Let T\, . . . ,T n be the hyperbolic translations whose axes are <?i, . . . , g n and 
whose translation lengths are [i(gi), ■ ■ ■ ,fi(g n ). The above inequality gives 

n n n 

5>( T >) <r(T l0 ---oT n ) <^r(T 1 ) + C'(d)^r(T l )d 2 . 

i—1 i—1 i—1 

Since r(Ti) = /i(<?i), X)"=i r (ff*) = M(-f) an d 171 = T {Ti° - ■ -°T n ) the lemma is proved 
in this case. For the general /i, note that E^ is approximated by finite earthquakes 
and the earthquake measure (i is approximated by the measure of finite earthquakes. 
The lemma follows by continuity. □ 

Assume that there exists Cq > 1 such that 

/Lt(a„) > C l, 

where for short I = l an (Xo). By Lemma T4.2l we have that 

m > CqI. 

Then the equation @ gives 

trace(S^)>2+(^i)V 

which implies that 

(4) la n (Xn >C'(L )l an (X ) 
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for some C'(L ) > 0. 

If there exists Cq > C(Lq, \\fJ,\\i s ) > 1 for the constant C(Lo, \\fi\\i s ) from Lemma 
[4T21 such that 

then (by Lemma 14.21 again) we have 

m<C!(LoJ/««n(^o) 
where Ci(L , \\fi\\i s ) = C(L °^ ll ' s) < 1. Then the equation © gives 



1 - 1/Ci 



2 



trace(B^) > 2 + / 2 
which implies that 

(5) « a „(X^)>C"(io,||Mlli,)^(^o) 
for some C"(L , \\fi\\i s ) > 0. 

Assume that 

(6) -^«„ (X ) < /i(a„) < C l an (X ) 
which implies 

-^LAXo) <m< C C(L , \\fi\\ ls )l an (X ). 
Then the inequality © gives 
^ traced) > 2 - \ 2k \ 

C2(L , \\fl\\ls) k 2 - fcl 

which implies that ) < C" when the angle between a n and g CO mp is less than 

■|. If the angle between a n and g C omp is greater than ^, then ([7]) together with 
Lemma 14.11 implies 

(8) l a jX^) > C 2 (L , Mi s )e- l ^ x °>^°^l an (X ) 

where g is a leaf of /i which intersects a n and g com p is a component of g (~l Pi for 
either i = 1 or i = 2. To estimate ) we need to estimate the right hand side 

of©. 

Lemma 4.3. Let a n be a simple closed geodesic on Xq from the fixed geodesic 
pants decomposition V and let Pi,P 2 be the two (possibly equal) pairs of pants in 
the decomposition V with a common cuff a n . Let w an (g CO mp) be a twisting number 
around a n of a component g CO mp of g fl Pi for a leaf g of the measured lamination 
/!. Then 

I x . ^ max{l, |log/ a „(X )|} 

U! a „(gcomp) 2i L' ", ; i 

fl(pi n ) 

where C = C(||/i||; s ) > depends on the length spectrum norm \\fi\\i s of fl. 

Proof. We consider the leaves of ft that intersect a n . For each such leaf g, we 
divide it into components of g H Pi. Observe that w an (g comp ) and w an (g' comp ) for 
any two components g com p and g' comp differ by at most an additive constant which 
can be taken to be 2. Then it follows that the number of intersections between each 
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component and the arc 7^ is up to an additive constant equal to 2w an (g C omp) for 
any component g C omp- Then we have 

n(a n )w an (g comp ) < fi{fi n ) < \\n\\lslp n ( x o) 

and since 

h n (X ) <C"max{l,J an (Jfo)} 
we obtain the desired conclusion. □ 

Thus if \i satisfies © and if the angle between a n and g CO mp is greater than ^, 
Lemma 14.31 gives 

W an {gcomp) < C{L , WnWu) : 7T^~T ■ 

If the angle between a n and g comp is greater than 2 and if there exists C > 
such that 

Wa„(<7eomp) < C- , r 

then 

^q„(^o) < ^/ 
l a JX») " 

for some C". 

To summarize, we have 

Theorem 4.4. Lei 6e a complete hyperbolic surface which has a geodesic pants 
decomposition V = {a n }„ S N such that 

la n PQ)) < -^0 

/or some fixed Lq > 0. Lei fj, be a measured (geodesic) lamination on Xq such that 

\\fJ.\\ls < OO. 

If there exist Co > 1, C > C(L , \\n\\i s ) > 1 /or ffce constant C(Lq, \\fi\\u) from 
Lemma \<j.2\ and C± > smc/i i/iai (/or each cuff a n of V) /i satisfies one of the 
following: 

(1) /i(a n ) > C ; Q „(^o) 

(2) fjb(a n ) < ^rl an (X ) 

(3) the angle between a„ and a leaf g of [i is less than or equal to £ 

(4) -irl a (Xq) < fi(a n ) < Col a (Xq ), the angle between a n and a leaf g of /x 
is greater than -| and w an (g comp ) < Cij — 

then there exists C* = C*(Lq, \\fi\\i s ,Ci) > such that 



l a jE^(X )) 

for all a„eP. 
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5. Upper bounds on lengths 

We shortly describe the upper bounds on the lengths of simple closed geodesies 
under the earthquake map. Namely, if the support of earthquake E^ which inter- 
sects a n consists of finitely many closed geodesies then it is standard that 

LAX**) < l a jX )+n(a n ). 

Indeed, the proof is by lifting the earthquake to the universal covering and noting 
that the shear is always to the left (cf. [5]). Since the cocycle map for E* 1 is obtained 
by approximations with finitely many leaves whose total measure is K a n) (cf. [6]), 
we obtain the above inequality for arbitrary earthquakes. 
Since ^{a n ) < ||/J.||; s ^ ct „ (Xo), the above inequality implies 

l g la ^ X>1 ) < Jog^ + K a n) s < K a n) < mm 
la n {Xo) la n (Xo) l an (Xo) 

6. Bounding the twists of the cuffs 

In this section we bound the twists \t an (E tJ, (Xo)) — t an (Xo)\. We recall that 
t an {Xo) is chosen such that < t an (Xq) < l an (Xo). By the proof in |T3l Theorem 
2.1, Step I, Case 1], we have that (cf. Figure 2 in [13] ) 

\t an (X»)\ < max{l, | logZ an (X")|} + lpjX»). 

First of all l an (X^) is proportional to l an (Xq) with the universal constants depend- 
ing on \\n\\is by the previous two sections. Moreover, we have that 

(9) l 0n (Xn<kAXo)+»(P n )- 

Since lp n (X ) < Cmax{l, | logZ Qll (X )|} and /i(/3„) < |H|z^/3„ (X ), we obtain 

hAxn <C(||M|Wmax{l,|logZ Qn (X )|} 

which proves the desired bound on \t arl (E^(Xq)) — t an (Xo)\. 

To see that © holds, it is enough to note that it holds when the support of \i 
intersects f3 n in finitely many leaves and the general case follows by approximations 
of earthquakes cocycles with cocycles supported on finitely many leaves (cf. [6]). 

7. Necessity of the condition \\K\u < oo 

We show that 

WKls < oo 
is necessary for E^(Xq) = X 11 to satisfy 

d ls (X ,X») <eo. 

Assume on the contrary that there exists a sequence /3„ of the simple closed 
geodesies on X such that 

KM _^ _ 

as n — > oo. Then after normalizing the earthquake E& : H 2 —> H 2 as in SJ31 we get 
by (0) that 

traced) > 2 cosh - ^" (Xo) 

v ) - 2 

which implies 

h n (xn>c(KPn)-h n (x ))- 
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In conclusion 



> C ; r — — y oo 



as ft — > oo which contradicts di s (X Q , X^) < oo. Thus \\fi\\i s < oo is a necessary 
condition. 



8. Conclusions 

We established that the condition \\fi\\i a < oo is necessary for E fJ, (Xo) = X* 1 to 
satisfy di s (Xo, X^ 1 ) < oo. From Theorem 14.41 we immediately conclude that the 
following earthquake paths are inside Ti s (Xq). 

Theorem 8.1. Let Xq be a complete hyperbolic surface with an upper bounded 
geodesic pants decomposition V = {a„} and let fi be a measured geodesic lamination 
on Xq with 

IMIjs < °°- 

Then E t "(X ) = X^ G Tu(X ) for all t > if there exists C > such that for 
each ctn one of the following holds: 

(1) the angle between ct n and a leaf of fi is less than ^, 

(2) the angle between a n and a leaf of [i is greater than ^, and w an (g comp ) < 
r 1 

If there is no C > such that w an (g comp ) < Cj — ry^J' ^ ^ s possible that 
the whole earthquake path remains in Ti s (Xq). 

Theorem 8.2. Assume that V is partitioned into V' and V" such that there exists 
C > with 

C 

w a n \8-comp) ^ , / v \ 

for all a n G V' , and that for a n E V" 

l an (X )^0 

and 

£t(a n ) = o(l an (X )) 

as n — !> oo. Then the earthquake path t i-> E 1>1 {Xq) = X t(1 is contained in Ti s (Xq) 
for all t > 0. 

Proof. Since n(a n ) = o(l a „(Xo)), it follows that there exists hq = no(t) such that 
tn{a n ) < ^l an (Xo) for n > no. The conclusion follows by the proof of Theorem 
gH □ 



Finally, we establish that not all earthquake paths t h-> E t ^ l (Xo) whose earth- 
quake measure satisfy \\fi\\u < oo remain in Ti s (Xq) for all t > 0. We define \i by 
choosing the support to be a family of simple closed curves {(3k}kLi such that each 
[3k is contained in the union U P| of two pairs of pants ffc,-P| G V, that 8k 
intersects the common cuff at of f/J,P| in a single point, that the angle between 
a/c and 8k is greater than | , and that 



w ak {Pk)l ak {X ) oo 
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as k — > co. We choose the measure \i such that 

or equivalently that the Dirac measure on {Pk}kLi multiplied by ^l ak (X ). 

Note that tfi(a k ) = \l ak {X ) which implies that G T Zs (X ) for t>Q,t^2. 
By ©, we have that 

which implies that X 2 ^ = E 2f *(X ) £ T ls (X ). We note that X 2 ^ is a hyperbolic 
surface homcomorphic to Xq where no pinching occurred. 

Remark 8.3. We can hypothctically think of X 2 ^ as belonging to some "augmen- 
tation" of Ti s (Xo) in contrast to the augmentation of Teichmuller spaces of finite 
surfaces where only pinched surfaces appear. This idea will be pursued elsewhere. 

Note that this behavior that an earthquake path leaves Ti s (X ) at some time 
t and returns in Ti s (Xq) afterwards can be repeated for infinitely many values 
of t by simply choosing different multiples of the Dirac measures along different 
subsequences of /3fc. In particular, an earthquake path t h-» E tfJ, (Xo) can leave and 
return to Ti s (Xq) at infinitely many points t. 
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